We study the creation and entanglement of quasiparticle pairs due to a periodic variation of the mode frequencies of a homogeneous quantum system. Depending on the values of the parameters describing the periodic modulation, the number of created pairs either oscillates or, in a narrow resonant frequency interval, grows exponentially in time. For a system initially in a thermal state, we determine in which cases the final state is quantum mechanically entangled, i.e., where the bipartite state is nonseparable. We include some weak dissipation, expected to be found in any experimental setup, and study the corresponding reduction of the quantum entanglement. Our findings are used to interpret the results of two recent experiments.
I. INTRODUCTION
It is well known that a sudden change occurring in a system, be it an expanding universe [1-4], a BoseEinstein condensate [5, 6] , or a superconducting circuit [7] [8] [9] , induces a parametric amplification of linear density perturbations. In quantum settings, this amplification implies the production of pairs of (quasi-)particles, and if the system is homogeneous the two particles have opposite wave vectors k so that the total momentum is conserved. It is also known that these pairs are maximally entangled when the system is initially in its vacuum state [10] . If instead the initial state is populated in an incoherent manner -as is the case in a thermal bath -the stimulated effects tend to reduce the quantum entanglement [11] [12] [13] . A similar reduction in coherence occurs when the system is coupled to an external environment [12, [14] [15] [16] [17] .
The loss of quantum entanglement can be precisely characterized by using the mean occupation number n k . = Tr[ρb †
kb k ] and the complex correlation term c k . = Tr[ρb −kbk ], whereρ is the density operator of the system andb † k andb k are, respectively, the creation and destruction operators of a quasiparticle of momentum k. In fact, whenever
is negative, the state of the bipartite k, −k system is said to be nonseparable [18, 19] : The quasiparticles are so strongly correlated that the statistical properties of the system cannot be described by a classical stochastic ensemble. See Refs. [12, 14, 16] for a presentation and use of these concepts. As explained in these references, the criterion ∆ k < 0 is sufficient to get nonseparability in the general case. It is also a necessary condition for homogeneous, isotropic, and Gaussian states. * xavier.busch@th.u-psud.fr † renaud.parentani@th.u-psud.fr ‡ scott.robertson@th.u-psud.fr
While entanglement and nonseparability are well established in theory, it is only recently that they have become experimentally accessible in the present context of pair creation due to a temporal change. The main difficulties arise from the weakness of the pair creation rate, and in making sufficiently precise measurements of |c k | and n k to be able to assert nonseparability. There have been two recent experiments able to test the condition ∆ k < 0: first using an atomic BEC [20] and second, in a Josephson metamaterial [8] . Interestingly, in the first case, the condition was not met, while it was met in the second. In both cases, the experimental teams used a periodic modulation of some parameter over an extended period of time. (See also Ref. [7] for an earlier experiment, and Ref. [6] for an earlier theoretical study of such a modulation.) The advantage of this method over a single sudden change is that, even though the creation rate may be small, it could conceivably engender a very large pair production if the modulation lasts long enough. Indeed, when the frequency ω k of a pair is close to half of the modulation frequency ω p /2, the number of such created pairs increases exponentially with the duration of the modulation (for bosonic excitations).
In this paper we study theoretically the reaction of a system to a long-lasting modulation with the aim of understanding under which conditions the final state will be nonseparable. As in the case of a sudden change [11, 12] , the sign of the parameter ∆ k of Eq. (1) is fixed by only two quantities: |β as k |, the magnitude of the asymptotic Bogoliubov coefficient which governs the spontaneous effects and reduces the value of ∆ k , and the initial mean occupation number of incoherent quanta n k,in which governs the induced effects and increases ∆ k . The behavior of |β as k | is non trivial, its value being fixed in a convoluted way by several parameters describing the modulation. As far as we know, the aspects of the system associated to the behavior of |β as k | are as yet unstudied. Our paper is organized as follows. In Sec. II we present the basic equations governing the time evolution of the modes of a homogeneous system in response to an arbitrary modulation in time; this response is characterized by the time dependent Bogoliubov coefficients, from which the mean occupation number and the separability parameter of Eq. (1) are derived. In Sec. III we introduce a particular modulation, i.e., a sinusoidal oscillation of the mode frequencies, and the parameters that describe it, before a numerical investigation of the dependence of the final state of the system (its particle content and its degree of entanglement) on these parameters. (The properties of the Bogoliubov coefficients observed in Sec. III are derived analytically in Appendix A.) In Sec. IV (with further details in Appendix B) we show how to incorporate weakly dissipative effects into the picture. The paper concludes with Sec. V.
II. TIME-DEPENDENCE IN HOMOGENEOUS MEDIA
In this section we consider the effects of time dependence on a quantum system. While the nature of the time dependence is left unspecified, we shall restrict our attention to homogeneous media, allowing the entire analysis to be done at fixed wave vector k. As a result, the dimensionality of the system drops out, and need not be specified. To fix the notation and the concepts, we shall work in an atomic Bose condensate [20, 21] . However, the following analysis is easily adapted to other media, such as polariton systems [22] and Josephson metamaterials [7, 8] . It is also applicable to pair creation in cosmological models, such as primordial inflation [2, 3] ; in particular, the time variation we shall study in Sec. III is very similar to that occurring during the preheating phase at the end of inflation [4] .
A. Equations of motion
In a condensed dilute gas, linear density perturbations obey the Bogoliubov-de Gennes equation [21] . At fixed k, in units where = 1, one obtains (see, e.g., [12] )
where m is the atom mass, Ω k . = k 2 2m + mc 2 , and c is the low-frequency speed of sound 1 . As in Refs. [23, 24] , we shall describe Eq. (2), as well as its corresponding Hermitian conjugate equation with k → −k, as a matrix equation:
1 In a homogeneous polariton system with coherent pumping, one obtains a similar equation for quasiparticle excitations of the lower branch with Ω k =
− ωp + E 0 + 2mc 2 , where m is the effective mass of the photons, ωp is the pump frequency, and E 0 is the rest energy (see Ref. [17] ).
To clearly identify the effects that are due to a temporal change of Ω k or c, we perform the standard Bogoliubov transformation
where u k and v k are given by
and the frequency ω k is given by
When Ω k and/or c vary in time, so too do u k , v k , and ω k via Eqs. (5) and (6) . Using the fact that u 
In stationary systems, one recovers the standard diagonal matrix governed by ω k . In that case, the fields are trivially related to the (canonical) phonon creation and
When the system is stationary for asymptotic early times, the initial operatorsb 
2 Equation (7) is very similar to the equation governing the photon field in a cavity of modulated Josephson metamaterial in Ref. [8] , although due to the stationarity of that inhomogeneous system (in a rotating frame), the correlations are between opposite frequencies rather than opposite wave vectors. 3 Note that, as in Ref. [12] , we could also have consideredχ k ∝ φ k +φ † −k which obeys ∂ 2 t + ω 2 k (t) χ k = 0. For a sinusoidal modulation of ω 2 k (t), this is (up to a coordinate transformation) the Mathieu equation [25] , which also plays a role in preheating cosmological scenarios [4] .
where the requirement that both the initial and final operators satisfy the bosonic commutation relations imposes the condition |α
The asymptotic in operators define a two-component mode W in k (t) via the commutator
To simplify the notation, we shall no longer write the subscript k since all equations shall be defined for a fixed value of k = |k|. Equation (10) implies that the mode doublet W in (t) is the solution of Eq. (7) with initial con-
. For large times it behaves as
Following the standard method [26] to evaluate the Bogoliubov coefficients α as and β as , we introduce the functions α(t) and β(t) through the expression
By definition, their initial values are 1 and 0, and their late-time values coincide (up to a phase) with α as and β as . They obey the first-order coupled equations
One then verifies that the zeroth order solution, i.e., constant values for α and β, corresponds to the WKB approximation. One also verifies that corrections are associated with nonadiabatic transitions, and are here interpreted as creation of phonon pairs with opposite wave vectors.
It is interesting to notice thaṫ
In the following, we shall assume that Ω−mc 2 is constant, or equivalently that the mass m is constant. 4 In this case, the Bogoliubov coefficients are governed solely by the time evolution of ω.
B. Occupation number and nonseparability
When the initial quasiparticle state is incoherent, homogeneous, isotropic, and Gaussian, it is fully governed by the mean occupation number n in , since the initial coherence c in vanishes. When the time dependent perturbation preserves the homogeneity, the final state is still Gaussian, homogeneous, and fully governed by
The first terms of these equations give the contributions of spontaneous effects, whereas the second, proportional to n in , arise from induced effects.
As explained in the Introduction, the final state is nonseparable whenever n out − |c out | < 0. Equations (15) imply that the final value of ∆ of Eq. (1) is given by [12] 
From this equation it is clear that increasing n in necessarily increases the value of ∆ out , thereby establishing that induced effects cannot give rise to nonseparable states. However, Eq. (16) 
From this it can be verified that ∆ out strictly decreases with increasing |β as |, and that ∆ out < 0 when (|β as | + |α as |) 2 > 2n in + 1. This will play a crucial role in what follows because in a certain regime, we shall see that |β as | exponentially increases in time, thereby giving rise to nonseparable states when the modulation of ω lasts long enough.
III. NUMERICAL ANALYSIS
Here we apply the concepts described in Sec. II to a specific type of temporal modulation, numerically solving Eqs. (13) to find the behavior of the Bogoliubov coefficient |β as | and of the parameter ∆ out .
A. Frequency modulation
We consider an extended coherent modulation of the system that induces a corresponding modulation of ω 2 k of Eq. (6). More precisely, ω 2 k is assumed to be constant for negative times, then follows a sinusoidal oscillation of duration ∆t, and settles on a constant final value for all later times:
This function is illustrated in Fig. 1 . It defines three dimensionless parameters that are all relevant in the following: the relative peak-to-peak 5 amplitude A of the frequency modulation, the number of oscillations N , and a resonance parameter we call R. Explicitly, these are defined by
Notice that R combines in a particular way the amplitude A and the detuning (2ω 0 − ω p ) /ω p : it describes the relative frequency gap from resonance, scaled by A so that it depends on this distance as a fraction of the "width" of the frequency modulation. Notice also that N is not necessarily an integer.
6
For convenience, in the rest of the paper, we shall use N t = ω p t/2π as a dimensionless time parameter. Since α and β are continuous in time, we can think of α(N ) and β(N ) either as their final values after a modulation of length N , or as their instantaneous values at N t = N during a modulation of indeterminate length. These equivalent points of view allow us to use the same notation for N and N t , and also for |β as (N )| and |β(t = ∆t N )|. (18), square-rooted so as to give ω/ω0. The horizontal axis represents N = ωpt/2π. The amplitude A = 0.1 (which applies to the squared frequency, being replaced by approximately A/2 when the square root is taken), and the total number of oscillations N = 14.4.
5 Assuming A 1, the square root of the second line of Eq. (18) gives ω k (t)/ω 0 ≈ 1+(A/2) sin ωpt, so that the relative amplitude of the frequency modulation (as opposed to that of the squared frequency) is A/2. 6 Recently, we became aware of Ref. [28] , in which similar issues are considered in the context of nonlinear optics in thin films of material. They work at small |β| 2 , namely with the first term of Eq. (A4), and in the limit A → 0. In this regime, the resonance occurs only at ωp = 2ω 0 . Instead of working, as here, with an infinite homogeneous system over a finite time ∆t, they work with a spatially finite system over an infinite time, and as a result the role of our temporal parameter ∆t is played by the side length of the film. , and 100 (yellow dotted). For all plots, the modulation amplitude A = 0.1. We clearly see the emergence of a central peak with increasing N , extending from R = −1 to R = 1. For |R| > 1, the curves oscillate in a complicated way, as for small values of |β| the small rapid oscillations become more important. Because of these, |β| need not exactly vanish at the completion of a cycle. The number of long-time oscillations increases in proportion to N , and their maxima trace out an envelope corresponding to the 1/ √ R 2 − 1 behavior of their maxima.
B. Properties of |β|
To reveal the various effects of the parametric amplification induced by Eq. (18), we first numerically study the behavior of the norm of |β|, whose square gives the final occupation number when working in the in vacuum. In the body of the paper we provide only a qualitative de- We clearly see, with increasing N , the emergence of an exponentially growing resonant regime for |R| < 1 and an oscillating nonresonant regime for |R| > 1. Note also that the contours themselves are not exactly smooth, having jagged edges due to the short-time oscillations of |β|.
scription, but the following observations are all explained in the analytical study presented in Appendix A.
In Fig. 2 , we represent |β| as a function of adimensionalized time N , for various values of the parameter R. Each of the curves is a superposition of a large long-time variation, and a small short-time variation. The former is by far the most significant contribution, and shall be discussed below. The origin of the latter is provided in Eq. (A4). We notice that, after an initial linear growth whose rate is independent of R, the dependence of |β| on N falls into one of two types, depending on the value of R:
i. For |R| > 1, |β| eventually drops below the linear curve, heading back towards zero and falling into a periodic oscillation. This is the off-resonant regime.
ii. For |R| < 1, |β| eventually climbs above the linear curve, tending towards exponential growth. This is the resonant regime, and is due to stimulated amplification of formerly spontaneously created quanta.
We thus get a sense from Fig. 2 of the importance of the parameter R. To investigate this further, in Fig. 3 we represent |β| in logarithmic scale as a function of R for various values of N . We observe a central peak around R = 0 of increasing height and decreasing width, though the width saturates with increasing N such that it extends from R = −1 to 1. This peak corresponds to the resonant regime, and as the evolution of |β| becomes exponential for large N we find that the height of the peak in log |β| varies linearly with N . For |R| > 1, we observe oscillations with a fixed maximum value for each value of R, such that the maxima trace out an envelope that is a smooth function of R. This is the nonresonant regime, where |β| never rises above a fixed maximum value.
For completeness, in Fig. 4 we combine the above figures in a contour plot, where the contours are lines of constant |β| in the (N, R)-plane. One can clearly see the emergence of the resonant peak for |R| < 1 with increasing N , as well as the oscillatory behavior for |R| > 1.
C. Dependence on temperature and final entanglement
We now include the effects of a nonzero initial temperature -or, equivalently, a non-zero initial occupation number -on both the final occupation number n out and the separability parameter ∆ out . Through Eqs. (15)- (17), the latter quantities are directly related to the initial occupation number, which is in turn related to the initial temperature via the Planck distribution
In Fig. 5 , n out and ∆ out are plotted as functions of n in and T /ω 0 for a system exactly at resonance (R = 0) and for various values of N . We observe that n out increases both with initial temperature and with N , while ∆ -which is sensitive to the division of n out into spontaneous and stimulated contributions -increases with initial temperature but decreases with N . This is in accordance with Eq. (17) since |β| increases with the duration N . In Fig. 6 , we represent the nonseparability threshold in the (N, T )-plane -that is, the locus where ∆ = 0 -for various values of R. Notice that ∆ is positive to the right of the curves since it always increases with n in . In the case of resonance (|R| < 1), we observe that whatever the initial temperature, ∆ becomes negative and the state becomes nonseparable for N larger than some value. By contrast, in the nonresonant case (|R| > 1), there exists a temperature above which the state is separable for all values of N . This critical temperature depends on R and is generically lower than ω 0 . The analytic treatment of Appendix A gives T max ∼ ω 0 / ln(R).
To conclude this section, we consider the experiment of Ref. [20] , the results of which triggered the present analysis. From the data, we estimate that the duration N ∼ 50, and that the peak-to-peak amplitude A ∼ 0.1. (In fact, this is only an upper bound on A. It is actually the frequency of the trapping potential that is modulated with this amplitude, and estimating the corresponding amplitude for the mode frequencies is rather nontrivial.) . It is clear that both nout and ∆ increase with temperature in an approximately linear fashion. However, whereas increasing N raises both the intercept and slope of the nout-curves, it has the opposite effect on the ∆-curves, yielding a nonseparable state over a progressively wider range of initial temperatures.
We have not been able to determine with precision the appropriate value for R. In principle, if one works exactly at the resonance R = 0, the phonon state would be nonseparable for n in 1200. Instead, when working with R = 1, nonseparability would occur only for n in 40. These findings seem to overestimate the observed intensity of the correlations. A possible explanation for this is the neglect of weak dissipative effects. To study this possibility, in Sec. IV we include weak dissipation while the system is being modulated. We shall see that weak dissipation is sufficient to ruin the nonseparability reached by the system in the absence of dissipation, thereby possibly explaining what was reported in Ref. [20] .
IV. WEAK DISSIPATION
In this section, we introduce a weak dissipative rate Γ -where "weak" means Γ/ω 0 1 -and study its effects on quasiparticle creation and entanglement.
A. Dissipation model
In the presence of dissipation, the notion of Bogoliubov coefficients is no longer well defined, as the system is coupled to some environment. As a result, the state of the system can no longer be characterized by α(t) and β(t) as in the non-dissipative case. Instead, the mean occupation number n and the correlation c can still be defined for all times when dissipation is weak enough [12, 17] . In this regime, the separability parameter ∆ remains related to these by Eq. (1).
Our model of dissipation is phenomenological and based on the results of Refs. [12, 17] . Its details and the derivation of the equations of motion are given in Appendix B. There it is found that, assuming the environment to be incoherent, n and c evolve according to the following first order coupled equations:
Here, n eq (t) = n eq (ω k (t)), where n eq (ω) is the mean occupation number at frequency ω when the system reaches equilibrium in the limit t → ∞. It is determined by the state of the environment, and is typically given by n eq (ω) = n th (ω/T ), for given temperature T and where n th (ω/T ) is the thermal distribution of Eq. (20) . We work in a regime where the relative modulation of the mode frequency is small, and where it is not too far from resonance; in the Appendixes, we shall see that this regime corresponds to A 1, AR/4 1. Thus we can approximateu v e −2i ωdt ∼ A 4 ω p e −iARωpt/4 , and if we also average over the rapid oscillations so that these can be neglected, Eqs. (21) become
Neglecting the time dependence of n eq and working at exact resonance R = 0, it can be derived from Eqs. (22) that, for Γ/ω 0 > A/4, n grows and saturates at
On the other hand, for Γ/ω 0 < A/4, n grows exponentially, albeit at a slower rate due to dissipation. In both As for previous plots, we work with A = 0.1. Note once again the splitting of the large-N behavior into resonant (|R| < 1) and nonresonant (|R| > 1) regimes. For R < 1, the curves are seen to extend indefinitely towards higher values of nin, meaning that it is possible, for any initial temperature, to reach a nonseparable state if N is made large enough. On the other hand, for R > 1, the curves reach some maximum value of nin and then turn around, so the state can only be made nonseparable for temperatures below some maximum value, and even then the system will oscillate between separable and nonseparable states. Again we notice the lack of smoothness of the curves due to the short-time oscillations of |β|.
these cases, ∆ decays exponentially towards the limiting value
Thus, the state eventually becomes nonseparable if 2n eq Γ/ω 0 < A/4. Note that this condition for nonseparability is independent of the condition for exponential growth of n. More precisely, if n eq < 1/2, there exists a regime where n saturates and the final state is nonseparable, whereas if n eq > 1/2, there exists a regime in which the final state is separable and n grows exponentially.
B. Numerical analysis
For the results presented here, we take for initial and equilibrium values of n the thermal distribution of Eq. (20) In Fig. 7 we represent, for various dissipative rates Γ/ω 0 , the time evolution of n and ∆ at exact resonance R = 0 and with a temperature for the environment T = ω 0 . We observe that the mean occupation number decreases with Γ/ω 0 , the deviation becoming larger with increasing N ; and that, for large enough dissipative rates, n is seen to saturate at large N . Correspondingly, the coherence is reduced (i.e., ∆ increases), and for large enough Γ/ω 0 the limiting value of ∆ is positive so that the state never becomes nonseparable. As an example, with the numbers of Ref. [20] , namely for T in /ω 0 = 1 and N = 50, a weak dissipation of Γ/ω 0 = 2% is almost sufficient to ruin the nonseparability which is found in the absence of dissipation. To be more explicit, in the absence of dissipation, ∆ = −0.4995, while for Γ/ω 0 = 2%, ∆ = −0.018. Nonseparability is lost for Γ/ω 0 ∼ 2.1%.
Slightly off resonance, with 0 < |R| < 1, the differences with respect to the resonant case are similar to those of the non dissipative case. See Fig. 3 for the behavior of the mean occupation number n out = |β| 2 and Fig. 6 for the behavior of the separability parameter ∆ for 0 < |R| < 1 in the absence of dissipation. As can be seen there, n out falls with R and ∆ increases with R.
In the nonresonant case, with R > 1, dissipation is observed to dampen the oscillations in n and ∆, both of which approach limiting values that (respectively) decrease and increase with increasing Γ/ω 0 ; see Fig. 8 . It is even possible to reach an overdamped regime where no oscillations occur. As in the absence of dissipation, on top of this long range behavior some small and rapid oscillations of frequency near 2ω p occur. These do not decay when the system reaches a near-equilibrium state, as can be verified by considering the near-stationary solution of Eqs. (22) when the rapid oscillations are taken into account.
We conclude this section by applying our results to the experiment described in Ref. [8] . We find that the relevant parameters are n eq = 0.0056, A ≈ 0.048 and Γ/ω 0 > 0.009. (We can only give a lower bound for Γ/ω 0 because it is acknowledged that there is additional source of dissipation -probably two-photon dissipation -that is not accounted for.) Assuming the experiment is performed very close to resonance, we take R = 0, so Eqs. (23) and (24) are applicable. Since A/8n eq ≈ 1 > Γ/ω 0 , we conclude that −1/4 ≤ ∆ < 0 and the state is nonseparable. This is in agreement with the results of Ref. [8] which reports ∆ = 2 −0.32 − 1 /2 ≈ −0.1. The behavior of n, however, is more difficult to ascertain since A/4 is slightly above the lower bound of Γ/ω 0 . We expect that the additional dissipative effects will take Γ/ω 0 above A/4, so that n should saturate.
V. CONCLUSIONS
We have considered the spectrum of quasiparticles and their degree of entanglement due to a sinusoidal modula- and separability parameter ∆ (right figure) immediately after the end of the frequency modulation. As before, the amplitude A = 0.1. The various curves correspond to different values of the dissipative rate Γ/ω0, from larger to smaller first oscillation: 0 (blue), 0.01 (purple), 0.02 (yellow) and 0.03 (green). We note a smoothing out of the oscillations with increasing dissipative rate, and eventually their disappearance, as in overdamped systems. n and ∆ are seen to approach limiting values, which (respectively) decrease and slightly increase with increasing Γ/ω0.
tion of the (squared) frequency in a homogeneous quantum system. For definiteness, the system under consideration was taken to be an atomic Bose-Einstein condensate. The modulation was found to be describable by three parameters: its length, its amplitude, and the detuning of its frequency from resonance (at twice the mean mode frequency). The final amount of spontaneous creation, described by the magnitude of the Bogoliubov coefficient |β|, is found to have a complicated dependence on these three parameters, with the behavior of the separability parameter ∆ out following suit via Eq. (17) . A key observation, in accordance with similar results seen in Ref. [4] , is the existence of a finite width of "resonant" frequencies. Averaging out the small rapid oscillations that are superimposed on a large long-time behavior, the spontaneous contribution to resonant quasiparticle modes grows exponentially with the duration of the modulation, and for any initial temperature, the final state can be made nonseparable if the modulation lasts long enough. For off-resonant modes, however, the spontaneous contribution rises and falls periodically, never reaching above some maximum value. At the level of entanglement, this has the effect that, for off-resonant modes, there is a temperature above which the final state is always separable, no matter the length of the modulation.
Finally, we evaluated the consequences of weakly dissipative effects. We demonstrated that the nonseparability of the final state can be significantly reduced and even destroyed when these are taken into account. It is thus clear that weak dissipation could play an important role in the experimental attempts to establish nonseparability of the final state. These considerations have been illustrated by considering two recent experiments.
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Appendix A: Analytical properties of |β| As can be seen from Figs 2 and 3, the dependence of |β| on the parameters N , A and R is rather complicated. Yet, the essential features can be obtained analytically, as we now show.
To simplify the following equations, we use the adimensional time τ and the detuning parameter r given by
We also assume that A 1, so the relative modulation of ω is small. Then Eqs. (13) simplify and become
To solve these equations, two cases will be separately considered: in the first, the modulation is nonresonant so β 1 for all times; in the second, the modulation is close to resonant so AR/4 = r 1.
Non-resonant case
When β is very small, unitarity |α| 2 = 1 + |β| 2 implies that |α| remains close to 1. Equation (A2a) then guarantees that the phase of α is slowly varying in time, so ∂ t (β/α) ∼ ∂ t (β)/α. Since we seek only the magnitude |β|, we shall not consider this phase. We thus have 
This equation correctly describes two effects that are visible in Figs. 2 and 3: The first term describes long-time variations of large magnitude, while the second describes short-time variations of small magnitude.
Close to resonance
We now suppose that we are close to resonance so r 1. In such a case, a rotating wave approximation can be performed so that we neglect terms oscillating with frequency 2ω 0 + ω p . Under such circumstances, the Bogoliubov coefficients are solutions of
Imposing the initial conditions α = 1 and β = 0 at t = 0, the exact solutions of these equations are
Several comments should be made. First, for low values of τ = ω p t, we have |β| ∝ Aτ . This explains the fact that all curves of Fig. 2 are initially linear with a growth rate that is independent of R. Second, Eqs. (A6) reveal the crucial role played by R, which did not appear in Eqs. (A2a). The value of R delineates the two behaviors that we observed, and characterizes the transition from one to the other occurring at |R| = 1. When |R| > 1, the square root is imaginary and β oscillates in time, with a maximum given by |β| max ∼ 1/ √ R 2 − 1. This is the off-resonant behavior. In addition, the fact that |β| max depends only on R explains the envelope traced out with increasing N in Fig. 3 . In contrast, when |R| < 1, β grows exponentially, as can be clearly seen in the low-R curves of Fig. 2 . This is the resonant regime, and the fact that it occurs over a finite range of R explains the finite width of the growing part of the spectrum seen in Figs. 3 and 4 . Indeed, at large times, we find ln |β| ∼ (πN A/4) √ 1 − R 2 −ln(2 √ 1 − R 2 ). The critical case is |R| = 1. In this case, under the assumptions we used, β grows linearly in time.
Third, in the limit R 1, r = AR/4 1, Eq. (A6b) gives
which corresponds to the first term of Eq. (A4). There is thus a perfect compatibility of the two descriptions in this intermediate range 1 R 4/A where they overlap.
Finally, we can substitute the expressions of Eq. (A6) into the right-hand side of Eqs. (A2), yielding improved solutions that are relevant close to resonance and include the rapidly oscillating terms. In fact, iterating this operation gives a perturbative expansion for the solutions of Eqs. (A2), of which Eqs. (A6) are the lowest-order terms.
